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A numerical study was carried out to examine the development of duct flows being affected

by combined buoyancy force-driven secondary flow and mass transfer. The developing flow

and heat transfer have been simulated numerically for a horizontal fuel cell duct with

rectangular and trapezoidal cross section. Constant heat flux and mass transfer rate are

prescribed on the bottom wall, while thermal insulation is implemented on the other three

impermeable walls. The buoyancy-generated secondary flow and mass transfer can disrupt

the hydrodynamic and thermal boundary layers, and thus affect the friction factor and

Nusselt number. Calculations have been performed to determine the effects of various

Grashof number, mass transfer rate, and Reynolds number. Comparisons of these nu-

merical results with available data are presented.

INTRODUCTION

Analyses and simulations of gas utilization, produced power, energy efficiency,
electrical current, temperature distribution, and mechanical stress in unit cells of a
fuel cell stack have been presented in the literature for solid oxide fuel cells (SOFCs).
The energy balance equation is usually employed in the thermal analysis and cal-
culations of temperature distributions. However, the assumptions concerning the
convective heat transfer coefficients for the flows of the fuel and the oxidant, see
[1–6], are usually based on constant Nusselt numbers which are available for fully
developed laminar flow in the published literature. Through a literature survey
covering the relevant problems of heat transfer and gas flow modeling, see [7], it was
found that there is no study simulating and analyzing heat transfer and pressure
drop in fuel cell ducts in terms of friction factor f and Nusselt number Nu,
respectively. The unique mass transfer and thermal boundary conditions of fuel cells
have not been considered properly. The flow ducts for the fuel and the oxidant are
usually identical in the model and uniform throughout the entire fuel cell stack.
This is not very appropriate if an even temperature distribution is attempted, and if
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the pressure drop for each fluid should be kept within certain limits in relation to
other components in the system. Thus there is a need to deepen and further develop
such analyses to achieve heat transfer coefficients and pressure drop (friction factor)
which are valid for the fuel-cell boundary conditions.

Several fundamental studies of flow characteristics in ducts with different cross
sections exist in the literature. Most of the recent studies concern turbulent flow in
ducts; e.g., Rokni and Sundén [8] and Rokni [9] simulated turbulent gas flow and
heat transfer in ducts with different cross sections using different turbulence models.
The thermal boundary condition of either constant temperature or constant heat flux
on all walls was implemented in these studies.

Because both the heat transfer and the pressure drop (friction factor) are
significantly affected, the fluid flow and heat transfer in ducts with mass transfer in
porous walls have received a great deal of attention in the past decades [10–12]. By
employing the vorticity-velocity method with a marching technique, Hwang et al.
[10] simulated forced-convective heat transfer and gas flow in a square duct with one
porous wall with injection and suction in the range 720.0<Rem< 20.0, where Rem
is a Reynolds number based on mass transfer velocity through the wall. As the fluid
passes along a heated bottom wall of a horizontal duct, it becomes warmer and less
dense than the bulk fluid in the core, and a small reduction in pressure is created,
which accelerates the flow, and protrudes upward like a plume. Studies of mixed
convection in horizontal ducts without mass transfer were conducted and presented
in [13–19]. The mass transfer and buoyancy force-induced secondary flows, which

NOMENCLATURE

a width of lower wall

A cross-section area

b width of upper wall

cp specific heat at constant pressure

Dh hydraulic diameter

f Fanning friction factor

g acceleration due to gravity

Gr* modified Grashof number

(¼ gbqbD4
h=kn

2)

h height of the duct

hb heat transfer coefficient

k thermal conductivity

_mm mass flow rate

Nu Nusselt number

P pressure

P* wetted perimeter

q heat flux

Re Reynolds number (¼UDh=n)
Rem wall Reynolds number (¼VmDh=n)
S source term

T temperature

U, V, W

velocity components in x, y, and z

directions, respectively

Vm mass transfer velocity at bottom wall

x, y, z Cartesian coordinates

x* hydrodynamic dimensionless axial

distance (¼x=Dh Re)

x** thermal dimensionless axial distance

(¼x*=Pr)
b coefficient of thermal expansion

m dynamic viscosity

n kinematic viscosity

r density

Subscripts

b bottom wall

bulk bulk fluid condition

in inlet

m mass transfer

out outlet

ref reference

w wall

Superscripts
� cross-section averaged value

* definition for x*

** definition for x**
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have significant effects on the internal duct flow and heat transfer, have been in-
vestigated extensively in the last decades. Moreover, the combined effects of mass
transfer from all walls and buoyancy-driven secondary flows with either uniform
heat flux or temperature at all walls have been studied by Lee and Yan [20].

Air (O2þN2) (or oxidant, hereafter) is introduced in the cathode duct of fuel
cells. In the electrochemical reaction process, part of the oxygen is consumed and is
transferred to oxygen ions in the cathode duct, subject to fluid suction along the
porous interface to the electrolyte. Yuan et al. [7] simulated the mass transfer effects
on the fully developed laminar flow in rectangular and trapezoidal ducts of fuel cells,
with the new combined thermal boundary conditions and mass transfer rates within
72.5<Rem< 2.5. The development of buoyancy force-driven secondary flow and
effects of various parameters (e.g., Grashof number, Reynolds number), and pla-
cement of the heated wall on developing laminar flow in a rectangular fuel cell duct
are presented in [21] and [22], respectively. However, the effects of combined mass
transfer and buoyancy-driven secondary flow (or combined flow, hereafter) have not
been investigated yet.

Both gas flow and heat transfer in fuel cell ducts for developing laminar
conditions are studied, numerically thereby considering effects of combined mass
transfer and buoyancy force-driven secondary flow. Only results from combined
mass suction occurring in oxidant ducts and buoyancy effects are reported in this
article. The purpose of the present study is to reveal the basic phenomena of this flow
type. These are essential for determination of optimized mass flow rate and obtaining
the desired cell temperature at fuel cell conditions. The contribution of this article is
that the characteristics of fuel cells (heat generation and mass suction by electro-
chemical reaction, thermal-physical properties at high temperature) have been taken
into account. In addition, the effects of mass suction rate and Grashof number on
generation of buoyancy-driven secondary motions, fluid dynamics, and heat transfer
are also assessed. It should be noted here that the Gr� in SOFCs is of the order of
104–105, and it is important to reveal whether the buoyancy force has significant
influence. The complexity of the combined buoyancy-driven secondary flows and
mass suction depends strongly on the Grashof number and wall Reynolds number,
as will be found in this study.

ANALYSIS

Problem Statement

Navier–Stokes equations, the mass conservation equation, and the energy
equation are solved for ducts of a unit fuel cell, see Figure 1a. This study is focused
on the developing laminar flow and heat transfer with combined mass suction and
buoyancy effects. The duct under consideration is shown schematically in Figure 1b.
The U, V, and W are the velocity components in the x, y, z directions, respectively.
The aspect ratio of the duct is defined as the ratio between the shortest width of
lower or upper wall to duct height (i.e., a=h or b=h). By changing this ratio and the
base angle a, different cross-sectional geometries, i.e., square, rectangular, trape-
zoidal ducts, can be simulated.

A steady laminar flow of an incompressible fluid is considered and all thermal-
physical properties are assumed constant, except the linear density variation with
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temperature in the body force term, which appears as buoyancy effects are
considered. For simplicity, the following additional assumptions are applied.

1. The axial velocity and temperature distributions of the fluid at the inlet are
assumed uniform.

2. A uniform chemical reaction rate is assumed to appear in the electrolyte.
The released heat is simulated as a constant wall heat flux qw at one duct
wall (bottom wall in this study).

3. When the buoyancy effect is considered, the density variation is small and is
approximated as (r7r0)=r¼ b(T7T 0), in which b is the thermal expan-
sion coefficient.

4. The mass suction is assumed to be small compared to the streamwise flow
when the mass transfer effect is considered. The dimensionless suction
velocity on the bottom porous wall can be written as [10]

Rem ¼ VmDh

n
ð1Þ

Figure 1. (a) Structure of a unit cell. (b) Schematic drawing of a fuel cell duct.
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where Rem is the wall Reynolds number, Vm is the mass transfer velocity, Dh

is the hydraulic diameter, and n is the kinematic viscosity. In this study, Rem
is negative because suction is considered. Moreover, in SOFCs, Rem is very
small and its mean value is of the order of 1.0 for O2 consumption in the air
ducts. Based on this fact, the range of Rem¼ 0–72.5 is chosen, which is very
small compared to the main flow Reynolds number Rein.

5. Only one-half of the duct is considered by imposing symmetry conditions on
the mid-plane, which reduces the calculation domain by one-half.

GOVERNING EQUATIONS

For an incompressible Newtonian fluid, the governing equations of fluid flow
can be written as the following continuity, momentum, and energy equations:

qU
qx

þ qV
qy

þ qW
qz

¼ Sm ð2Þ

U
qU
qx

þ V
qU
qy

þW
qU
qz

¼ � 1

r
qP
qx

þ u
q2U
qx2

þ q2U
qy2
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qz2

� �
ð3Þ
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� �
ð5Þ

U
qT
qx

þ V
qT
qy

þW
qT
qz

¼ k

rcp

q2T
qx2

þ q2T
qy2

þ q2T
qz2

� �
ð6Þ

The last term in Eq. (4) accounts for local density variations as the buoyancy effect is
considered. A source term Sm is included in the conservation of mass equation (2) to
account for the electrochemical reaction effects on the mass balance corresponding
to the consumption of oxygen in the cathode [23]. The total mass can be expressed as

_mmin þ _mmm ¼ _mmout ð7Þ

where _mmm is the mass flow rate from the porous wall and can be written as

d _mmm ¼ raVm dx ð8Þ

where dx is the incremental length in the main flow direction. The change of mass
flow rate due to the mass suction reads

d _mmm ¼ rA Ubulk þ
qUbulk

qx
dx

� �
� rAUbulk ¼ rA

qUbulk

qx
dx ð9Þ
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where qUbulk=qx is the velocity gradient in the main flow direction induced by mass
transfer; Ubulk is mean velocity of the main flow, and is calculated as

Ubulk ¼
R
UdAR
dA

ð10Þ

Combining Eqs. (8) and (9), the source term in Eq. (2) reads

Sm ¼ qUbulk

qx
¼ Rem

n
Dh

a

A
ð11Þ

Boundary Conditions

Considering the fuel cell function, the thermal boundary conditions and the
boundary conditions for the mass transfer were established. For cases with mass
transfer, a velocity Vm is implemented on the bottom porous wall. As discussed
above for fuel cells, heat flux is mainly transferred through this wall (heated bottom
wall), while the other walls are impermeable and thermally insulated. The boundary
conditions implemented in this study can be written as

U ¼ V� Vm ¼ W ¼ 0; �k
qT
qy

¼ qb at bottom wall ð y ¼ 0Þ ð12Þ

U ¼ V ¼ W ¼ 0; q ¼ 0 at top and side walls ð13Þ

qU
qz

¼ qV
qz

¼ W ¼ qT
qz

¼ 0 at mid-plane z ¼ a

2

� �
ð14Þ

Additional Equations

The Fanning friction factor f is defined as

f ¼ � 1

2

Dh

rU2
bulk

dP

dx
ð15Þ

where dP=dx is the pressure gradient along the main stream direction and Dh is the
hydraulic diameter defined in the conventional manner,

Dh ¼
4A

P� ð16Þ

where A is the cross-sectional area and P� is the wetted perimeter.
The Nusselt number Nu can be defined as

Nub ¼
�hhbDh

k
¼ qbDh

kð �TTb � TbulkÞ
ð17Þ
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where Nub is the spanwise average Nusselt numbers at location x; qb is the wall heat
flux, �TTb is the bottom wall spanwise average temperature; Tbulk is the mean
streamwise flow temperature in the cross section,

Tbulk ¼
R
T Uj j dAR
Uj j dA ð18Þ

The dimensionless axial distance x� in the flow direction for the hydrodynamic
entrance region is defined as

x� ¼ x

Dh Re
ð19Þ

while as a common practice, the dimensionless coordinate for the thermal entrance
region and heat transfer can be defined as

x�� ¼ x�

Pr
ð20Þ

The modified Grashof number reads [18]

Gr� ¼ gbqbD4
h

kn2
ð21Þ

SOLUTION METHODOLOGY

The governing differential equations are discretized into algebraic equations by
a truncated Taylor series method using a finite-volume method (see, e.g., [24]), and
then they are solved by an iterative method.

In this study, Eqs. (2)–(6), together with the boundary conditions (12)–(14), are
solved by using an in-house computational fluid dynamics (CFD) code originally
developed in [25] and further extended in [26]. In brief, the code is based on a general
finite-volume technique with boundary-fitted coordinates for solving the differential
equations. The Cartesian coordinate system in the physical space is replaced by a
general nonorthogonal coordinate system. The momentum equations are solved for
the velocity components on a nonstaggered grid arrangement. The Rhie-Chow
interpolation method is used to compute the velocity components at the control-
volume faces. Algorithms based on the TDMA and a modified SIP (used in this
study) are employed for solving the algebraic equations. In the code, the convective
terms can be treated by the QUICK (used in this study), hybrid, van Leer,
and upwind schemes, while the diffusive terms are treated by the central differ-
ence scheme. The SIMPLEC algorithm handles the linkage between velocities and
pressure.

To include mass transfer effects caused by the electrochemical reaction in fuel
cell oxidant ducts, the source term Sm in Eq. (2) can be expressed by Eq. (11) as long
as the mass suction is small (small Rem) and is defined per unit volume. It should be
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noted that this source term is zero in most of the computation domain, and nonzero
only in the computation domain neighboring boundaries at the bottom wall. The
CFD code used is modified accordingly and the source term Sm is implemented in
the pressure-correction equation to adjust the mass balance due to mass transfer [23].

The continuity equation (2) is also an additional constraint to deduce the
pressure gradient of the momentum equation (3) in the main flow direction [10, 20].
Based on the fact that the mass transfer is small ðRem � ReinÞ in fuel cells, the de-
duced pressure gradient ðdP=dxÞm by mass transfer can be used to correct the cross-
section-averaged axial velocity to take into account mass transfer effects. It reads

dP

dx

� �
m

¼ �rUbulk

qUbulk

qx

� �
ð22Þ

where qUbulk=qx is the mean velocity gradient induced by mass transfer in Eq. (11).
The expression for mean axial velocity Ubulk reads

Ubulk ¼ Uin þ
qUbulk

qx

� �
dx ð23Þ

To get a corrected averaged axial velocity, the calculated axial velocity is compared
with Eq. (23). If this equation is not satisfied, the pressure gradient in the momentum
Eq. (3) is adjusted by Eq. (22), the deduced pressure gradient, until the axial velocity
condition is satisfied.

CODE VALIDATION AND TEST CALCULATIONS

Test of Grid Sensitivity

Numerical calculations were carried out using various numbers of grid points
to check the dependence of the results on the number of grid points. As an example,
Tables 1a and 1b present the values of f Re and Nub, respectively, for various po-
sitions x� (or x��) at mass suction Rem ¼ �2:5 and Gr� ¼ 1:75� 105 for a rectangular
duct (aspect ratio 2:1). The table shows that the calculated friction factors and
Nusselt numbers do not change significantly when the number of grid points is
increased beyond 25� 25� 250 (25625 for the cross section, 250 for the main flow
direction) for all cases. The uniform control-volume size was employed throughout
this study.

Table 1a. Influence of grid size on f Re for a rectangular duct (a=h ¼ 2:1)

Gr�=Rem 1.756105=7 2.5

Grid no. 206206325 356356200 256256250 256256300 306306250 306306300

x� ¼ 0:002 44.41 43.83 43.87 43.40 43.73 44.40

x� ¼ 0:005 29.45 29.40 29.10 28.91 29.13 30.10

x� ¼ 0:03 15.71 15.70 15.68 15.72 15.56 16.08

x� ¼ 0:074 14.59 13.65 14.06 14.08 13.92 13.70
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Code Performance and Validation

As there are no available experimental data for SOFC applications in the
literature for verification of the friction factor and Nu number when combined mass
suction and buoyancy force-driven secondary flow are included, calculations have
been carried out for pure forced convection and those with mass suction or buoy-
ancy effects. The simulation results of these test calculations are compared with
results presented in the literature for the same boundary conditions, see Figures 2a
and 2b, respectively.

Figure 2a shows the results of fully developed f Re and Nu numbers with
various mass transfer rates for a square duct ða=h ¼ 1:1Þ for the same boundary
condition as in [10], i.e., one wall with a constant heat flux while the other three walls
are thermally insulated. The agreement between our calculations and the results
obtained by [10] is satisfactory, with a maximum deviation less than 5%. The present
calculations with/without buoyancy effects in the thermal entry region are compared
with corresponding experimental results [18] for a rectangular duct ða=h ¼ 10:1Þ with
various Gr* as shown in Figure 2b. The same thermal boundary conditions, i.e., the
bottom wall has a constant heat flux while the other three walls are insulated, are
implemented. For the highest Gr�, it is found that after the first maximum in Nu is
reached, the Nusselt number decreases and begins to show oscillatory behavior in the

Figure 2. Comparison of (a) fRe and Nu numbers with [10] (a=h ¼ 1:1); and (b) Nu with experimental

result of [18] for Pr¼ 0.7, Re¼ 455 (a=h ¼ 10:1).

Table 1b. Influence of grid size on Nub for a rectangular duct (a=h ¼ 2:1)

Gr�=Rem 1.756105=72.5

Grid no. 206206325 356356200 256256250 256256300 306306250 306306300

x�� ¼ 0:002 11.41 12.81 11.93 11.80 12.31 12.30

x�� ¼ 0:005 8.46 9.44 8.89 8.86 9.19 9.16

x�� ¼ 0:03 5.90 6.57 6.24 6.23 6.43 6.43

x�� ¼ 0:10 5.75 6.29 6.00 6.00 6.17 6.17
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experimental results [18]. Comparison shows that the overall agreement between the
present calculations and the experimental results is satisfactory. The maxima and
minima are captured, but somewhat mislocated and overpredicted as well. This may
be explained by the fact that constant thermal physical properties are assumed in the
calculation, but also due to some effect of the grid resolution. For the lower Gr�,
which is close to the upper practical limit, the agreement between calculations and
experiments is satisfactory.

As a partial verification of the computational results concerning the mass
transfer effects on the main flow velocity correction, the corrected Reynolds number
Re in this study is compared with that obtained by Hwang et al. [10]. The deviations
between the present study and results in [10] are less than 6.0%.

The test calculations performed and discussed above show that the deviations
of the calculated results from those presented in the literature are sufficiently small.
Thus it is reasonable to believe that the numerical method and code can be used for
the present study.

RESULTS AND DISCUSSION

The study of friction factors and Nusselt numbers in the entrance region is the
major objective of the article. The development of buoyancy force-driven secondary
flow, mass suction, and its effects on the developing laminar flow in an oxidant fuel
cell duct will also be presented and discussed in this section, because it is important
and helpful to clarify the gas flow momentum transport and heat transfer mechan-
ism. Calculations have been performed to determine the effects of various parameters
on the hydrodynamic and thermal fields, e.g., the important dimensionless
parameters such as the modified Grashof number Gr�, mass suction rate Rem, and
Reynolds number Re. The flow friction factors and Nusselt numbers for various Gr�,
Rem, and Re are presented. Air with an inlet temperature Tin ¼ 900�C is chosen (as
in the actual SOFC), while all physical parameters at 1,000�C are employed for the
calculation except for the density, which varies with air temperature as given in
Eq. (4).

Developing Velocity and Temperature Field in a Rectangular Duct

To have an idea of the combined buoyancy and mass suction effects on
a developing mixed-convection flow and heat transfer, it is useful to consider the
developing velocity and temperature fields and compare with the limiting case of
pure forced convection. Comparison is also extended to include limiting cases of only
buoyancy-driven mixed flow or mass suction flow. As mentioned above, there is
symmetry in the vertical mid-plane (see Figure 1b) and results of dimensionless
longitudinal velocity, cross-section velocity vectors, and dimensionless isotherms for
an aspect ratio a=h ¼ 2:1 and Re¼ 250 are presented for the right half of the duct in
Figures 3–5.

Cross-section velocity vectors. Figure 3 shows cross-section velocity vec-
tors for pure forced convection (Gr� ¼ 0 and Rem¼ 0), buoyancy-driven mixed flow
ðGr� ¼ 3:5� 105 and Rem¼ 0), mass suction flow (Gr� ¼ 0 and Rem¼ 72.5), and
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combined flow (Gr� ¼ 3.56105 and Rem¼72.5) for selected longitudinal stations
x�. The scale above the vector plot (i.e., 10 cm=s) is a reference value of the maxi-
mum cross-section velocity.

For pure forced convection, it is found that the absolute values of the cross-
section velocity vectors decrease with increasing x�. For buoyancy-driven secondary
flow, a vortex gradually starts to develop at z=Dh ¼ 1:0 at small values of x�. As will
be clarified in the next sections, the vortex which developed in the lower corner close
to the vertical side wall ðz=Dh ¼ 1:0Þ is due to a pronounced spanwise temperature
gradient caused by the hydrodynamic and thermal-layer development. As will be
revealed by the cross-section isotherms, comparatively large temperature gradients
and density variations can be found near the mid-plane farther downstream. The
large temperature gradient is caused by a relatively weak secondary flow and a re-
duced thermal energy transfer close to the mid-plane relative to the near side wall.
Then the secondary flow develops into a pair of counterrotating vortices.

Figure 3. Cross-section velocity vectors for pure forced convection, mixed convection with Gr� ¼ 3.56105,

mass suction Rem ¼ �2:5, and combined flow for aspect ratio a=h ¼ 2:1, Re¼ 250 at: (a) x� ¼ 0:0039;

(b) x� ¼ 0:023; (c) x� ¼ 0:088; (d) x� ¼ 0:148.
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In the inlet region (Figure 3a) for mass suction, the cross-section velocity
vectors near the bottom wall are downward due to the mass suction effect, while the
fluid moves toward the center in the core region by the entrance effect. However, the
position of the center moves downward until the center disappears as the flow goes
farther downstream (Figures 3b–3d ). Thus the cross-section velocity vector is
downward, and it is also noted that the transverse velocity is relatively large at the
bottom wall region, where the mass transfer occurs, but small at the top wall region.
For combined flow, similar cross-section velocity development of mass suction can
be found in the entrance region (see Figures 3a and 3b), because the buoyancy-driven
secondary flow is weak, and then mass suction flow dominates the cross-section
velocity development. Farther downstream (see Figure 3c), a weak vortex near the
z=Dh ¼ 1:0 region together with the second vortex near the mid-plane can be found,
until the secondary flow develops also into a pair of counterrotating vortices (see
Figure 3d ). It is clear that the downward cross-section velocity caused by mass

Figure 4. Dimensionless temperature difference (T� TinÞ=ðqbDh=kÞ for pure forced convection, mixed

convection with Gr*¼ 3.56105, mass suction Rem ¼ �2:5, and combined flow for aspect ratio a=h ¼ 2:1,

Re ¼ 250 at: (a) x� ¼ 0:0039; (b) x� ¼ 0:023; (c) x� ¼ 0:088; (d) x� ¼ 0:148.
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suction decreases the buoyancy-generated upward flow along the side wall and mid-
plane, and enhances the downward flow between two vortices. It is also seen that the
strength of the vortices becomes stronger when the axial distance x� increases
(Figures 3c and 3d ).

Dimensionless temperature difference (T � Tin)/(qbDh/k ). The cross-
section isotherms are shown in Figure 4 for the same cases and the same longitudinal
stations as in Figure 3. For pure forced convection, it is clearly shown that the heat
generated at the bottom wall penetrates into the fluid and makes it warmer in the
main flow direction (increasing x�). It is also clear that the cross-section temperature
distribution at a certain y=Dh is almost uniform, except for the nonuniformity and
slightly high temperature which appears in the lower corner close to the vertical side
wall ðz=Dh ¼ 1:0Þ. This temperature increase is due to the slow-moving fluid in the
hydrodynamic boundary layer, and it can decrease the contribution of heat transfer

Figure 5. Dimensionless axial velocity contours (U=Uin) for pure forced convection, mixed convection

with Gr� ¼ 3:5� 105, mass suction Rem ¼ �2:5, and combined flow for aspect ratio a=h ¼ 2:1, Re¼ 250

at: (a) x� ¼ 0:0039; (b) x� ¼ 0:023; (c) x� ¼ 0:088; (d) x� ¼ 0:148.
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from the bottom wall. The cross-section isotherms for mixed flow are very similar to
those of pure forced convection at upstream positions (Figures 4a and 4b). A tem-
perature gradient is generated at the entire bottom wall, with a pronounced gradient
near the lower corner close to vertical side wall. The buoyancy force generated by
this temperature gradient (density gradient) is a source of vortex generation which
was observed initially near the lower corner in Figure 3b. The vortex close to the ver-
tical side wall advects heated fluid to the top wall and unheated fluid from the core to
the heated bottom wall. A temperature gradient appearing near the mid-plane pro-
vides the suitable conditions for another secondary flow. A pair of counterrotating
vortices is formed (see Figure 3d ), which advects heated fluid from the bottom wall
in the areas close to the vertical side wall and mid-plane, and cool fluid to the bottom
wall between them.

For mass suction flow, the cross-section isotherm development looks similar to
that of pure forced convection. As part of the thermal energy is carried away by the
extracted fluid from the bottom wall, the temperature of the fluid arising by bottom
wall heat flux increases slowly along the axial distance. The nonuniformity of tem-
perature distribution which appears in the lower corner close to the vertical side wall
ðz=Dh ¼ 1:0Þ becomes weaker if compared to pure forced convection. For combined
flow in the entrance region (see Figures 4a and 4b), similar isotherms with those of
mass suction can be observed due to the fact that buoyancy-driven secondary flow is
weaker and mass suction dominates. Farther downstream (Figures 4c and 4d),
the buoyancy-driven secondary vortices carry the heated fluid from the bottom wall
region to the top cool wall region by the upward flow developed near the side-wall
and mid-plane. The slightly higher temperature distribution can be found near
the side-wall region, but also near the mid-plane region. Low temperatures are found
between two vortices due to the downward flow carrying cool flow from the top wall
region. The temperature of the fluid increases slowly along the axial distance for
combined flow. This can also be found if comparison with the case of buoyancy-
driven secondary flow is carried out.

Dimensionless axial velocity. Figure 5 shows dimensionless axial velocity
contours (U=Uin) for the same cases as in Figures 3 and 4. For the pure forced con-
vection, it is very clear that the axial velocity contours represent the development of
the hydrodynamic boundary layer. There is a fluid acceleration (bigger contour va-
lue) in the core, which compensates for the development of the boundary layer. It is
also clear that the axial velocity contours are symmetric with respect to the horizon-
tal central plane ( y=Dh ¼ 0:5). Due to the secondary flow generated by the buoyancy
force, the uniform distribution and symmetry of the axial velocity no longer exists,
and the position of maximum contour values moves toward the bottom horizontal
wall with increasing x� until x� ¼ 0:023 (Figure 5b). Farther downstream (Figure
5c), the distribution of axial velocity contours is more complicated and the maximum
contour values appear in the position corresponding to the mid-plane vortex in
Figure 3, and this is kept to the end of duct (Figure 5d ).

As for mass suction, mass subtraction is induced and thus the axial velocity will
be decreased. Dimensionless axial velocity contours for mass suction shows that the
maximum velocity is smaller than that of pure forced convection, and it becomes
more clear farther along the downstream of the duct. The downward cross-section
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flow (see Figure 3) generated by mass suction shifts the peak of axial velocity toward
the porous bottom wall. For combined flow, the thermal buoyancy effects together
with mass suction are taken into account, and the axial velocity is distorted by the
buoyancy force after a certain axial distance (see Figure 5c). The buoyancy effect on
the combined flow becomes more apparent along the duct farther downstream
(Figure 5d).

Effects of Grashof number Gr� and mass suction rate Rem on cross-
section velocity vectors for combined flow. To understand buoyancy force-
driven secondary flow and mass suction effects on the combined gas flow and heat
transfer, cross-section velocity vectors for various Grashof numbers and mass
suction rates are compared at the same longitudinal stations as shown in the last
sections, and the results are presented in Figure 6.

As mentioned before, both the buoyancy force and mass suction have sig-
nificant effects on the velocity and temperature development. By comparing Figures
6a, 6b, and 6c, which are for various Gr� at the same mass suction rate (Rem ¼ �1:0),
all cross-section velocity vectors look similar in the entrance region (x� ¼ 0:0039),
except that the position of the center in the core region moves down as Gr� increases.
Buoyancy force-generated secondary flow becomes obvious at x� ¼ 0:023, and a pair
of vortices is noticed for large Gr� (Figures 6b and 6c) at x� ¼ 0:088. However, only
one vortex is observed for small Gr� (Figure 6a). The same trend, i.e., the strength
and number of vortices generated depend mainly on the value of Gr� for mixed flow,
can also be noticed for combined flow. Concerning the mass suction effects, Figures
6a, 6b, and 6c are compared with Figures 6d, 6e, and 6f, respectively, for the same
Gr� but different mass suction rates. It is found that an increase in mass suction rate
can enhance the cross-section vector at small Gr� (see Figures 6a and 6d ) or decrease
the strength of velocity vectors when Gr� is large (see Figures 6c and 6f ). For the case
of Gr� ¼ 1.756105, the mid-plane vortex becomes weaker by increasing the mass
suction rate, and thus only one vortex in the side-wall region can be clearly found.
This is due to the fact that the downward flow caused by the mass suction can
balance the upward flow, and enhance downward flow generated by buoyancy force.
For large Gr�, upward flow appears at both the side-wall and mid-plane regions, but
only at the side-wall region for small Gr� [21]. This is the reason the increase in mass
suction rate and Grashof number cannot always result in enhancement of the cross-
section secondary flow.

As discussed above, both mass suction and buoyancy-driven secondary flow
have significant effects on the temperature development, strength of velocity vectors,
and number of vortices generated. The effects depend mainly on the value of Grashof
number and mass suction rate.

Longitudinal Distribution of Average Friction Factor f and
Nusselt Number Nub in a Rectangular Duct

The variations of cross-section-averaged skin friction f Re and Nusselt number
Nub along the axial direction for various characteristic parameters (e.g., Rem, Gr

�,
and Re) are shown and discussed in this section. For pure forced convection (Gr� ¼ 0
and Rem ¼ 0), both the friction factor f and Nusselt number Nub rapidly decay due
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to the hydrodynamic and thermal boundary-layer development and approach their
fully developed values (see Figure 7) at certain downstream positions x� ðx��Þ, re-
spectively. For the mixed-convection flow, similar results of rapid decay of both
friction factor and Nusselt number Nub in the near-entrance region are also shown in
Figure 7. The influence on the local friction factor f and Nusselt number Nub caused
by buoyancy effects is negligible up to a certain position x� (or x��), depending
mainly on the magnitude of Gr� and Reynolds number Re. Farther downstream, the
buoyancy effects create a substantial enhancement in both f Re and Nu numbers.
For a larger value of Gr� (Gr� ¼ 3.56105 in this case), Figure 7 shows some weak
oscillations for both f Re and Nu numbers caused by the generated secondary flow,
i.e., fluid recirculation between the cold core and heated bottom wall (detailed
discussions are found in [21] and are not repeated here).

For the case of suction, the mass transfer induces mass flow reduction in the
duct, and thus the axial velocity and its gradient at the duct wall region decrease (see
Figure 5). As part of the thermal energy is carried away by the extracted mass, the
thermal boundary-layer thickness is reduced and the temperature difference between
the heated bottom wall and the bulk fluid is reduced by this suction effect. Thus the
friction factor f Re is decreased while the Nusselt number Nub is increased, which can
be found in Figure 7. For the case of combined mass suction and buoyancy-driven
mixed flow, both f Re and Nub follow those curves for only mass suction effect up to
a certain distance, due to weaker buoyancy effects in the near-entrance region.
As the fluid proceeds downstream, the buoyancy forces increase both f Re and Nub.
Figure 7 shows that the friction factor f Re of combined flow is smaller than that of
mixed flow, due to the fact that mass suction decreases the f Re. On the other hand,
Nub is bigger than that for mixed flow because the mass suction increases the Nub
too. The small oscillations of Nub found for combined flow shows that buoyancy-

Figure 7. Mass suction, buoyancy, and combined flow effects on: (a) fRe; (b) Nub at Re¼ 250,

Rem ¼ �1:0, Gr*¼ 3.56105.
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driven secondary flow has stronger effects than mass suction in this case. This is
confirmed by Figure 6c.

The effects of mass suction rate on the cross-section-averaged f Re and Nub are
shown in Figure 8 for various Gr�. As shown in Figure 8a for Gr� ¼ 1.756104, it is
clear that increasing the mass suction rate has the effects of decreasing f Re and
increasing Nub. A larger mass suction rate (Rem ¼ �2:5) contributes to a larger axial
velocity gradient, while a smaller temperature difference between the heated wall and
bulk fluid occurs due to increased mass and thermal energy removal from the duct.
As seen in Figure 8b, the same trend that an increase of the mass suction rate de-
creases f Re is also found for a large Gr�. The trend of increasing Nu by increasing
the mass suction rate at small Gr� is not found for large Gr�. Weak oscillations in Nub
at small mass suction rate (Rem ¼ �1:0 and 0, respectively) are obtained (see Figure
8b). However, a more flat Nub distribution along the main flow direction without
oscillation can be found for a large mass suction rate (Rem ¼ �2:5). This can be

Figure 8. Effects of mass suction rate on fRe (left) and Nub (right) of combined flow with

(a) Gr*¼ 3.56104 and (b) Gr*¼ 3.56105 at Re¼ 250.
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understood from Figure 6 because, in contrast to pure forced convection, a large
Rem at large Gr� makes the strength of secondary flow weaker than that at small
Rem, as discussed previously.

Figure 9 shows the cross-section-averaged friction factor f Re and Nusselt
number for various Rem and Gr� with focus on the buoyancy effects on combined
flow at fixed mass suction rates Rem ¼ �1:0 and Rem ¼ �2:5, respectively. In the
plots, the buoyancy effects can be negligible up to a certain axial distance for both
mass suction rates. This distance depends mainly on Gr�. The larger the Gr� value is,
the shorter the distance is. Comparing Figures 9a and 9b for f Re, it is found that
friction factors f Re are close to those of pure forced convection even if there is small
deviation along the main flow downstream direction. This is attributed to the op-
posite effect of mass suction and buoyancy-driven secondary flow on f Re, as men-
tioned earlier. For Nusselt number, increases in Nub with increasing Gr� can be
clearly noticed from Figures 9a and 9b, due to the fact that both mass suction and
buoyancy-driven secondary flow can increase Nub. Moreover, a weak oscillation in

Figure 9. Buoyancy effects on fRe (left) and Nu (right) of combined flow at (a) Rem ¼ �1:0 and (b)

Rem ¼ �2:5 at Re¼ 250.

360 J. YUAN ET AL.



Nub occurs for large Gr� and small Rem (Gr� ¼ 3.56105 and Rem ¼ �1:0, respec-
tively) in Figure 9a. This is not the case for a large mass suction rate (Rem ¼ �2:5)
even at the same Grashof number, because the strength of the secondary flow is
decreased when Rem and Gr� are large (see Figure 6).

The effects of Gr� on Nusselt number are shown in Figure 10 at Re¼ 500 and
100, respectively. As discussed, the position where Nub starts to deviate from pure
forced convection and the position of minimum Nub are shifted upstream with
decreasing Re number for buoyancy-driven mixed flow [21]. For combined buoy-
ancy-driven and mass suction flow, the Reynolds number effect on the position of
Nub deviating from that of pure forced convection is clearly seen in Figure 10. This
may be due to the fact that the mass suction starts from the entrance and has effects
for the whole region of the duct. On the other hand, the buoyancy effect is weak up
to a certain distance downstream from the entrance.

As shown and discussed above, there is no evidence that the fully developed
condition and the asymptotic values of f Re and Nub may be reached in a fuel cell
oxidant duct for all operating conditions. By comparing the results of Figures 8a and
8b, it is clear that Nusselt number changes slowly for lowerGr� at fixed Rem. The same
trend can be observed for larger Rem at fixedGr�. The asymptotic values ofNub can be
observed at high Re (see Figure 10a) but not at low Re (Figure 10b), while the
asymptotic value at lowGr� and smallRem canbe foundatRe¼ 250 (seeFigures 9a and
9b). The reason is that the generated secondary flow and downward flow develops
slowly at low Gr� and small Rem. At high Re, the effects are thus small.

Gas Flow and Heat Transfer in a Trapezoidal Duct

To understand the combined effects of mass suction and buoyancy effects on
the gas flow and heat transfer in a trapezoidal duct, simulations have been carried

Figure 10. Reynolds number effect on Nusselt numbers with various Gr* (Rem ¼ �2:5) at (a) Re¼ 500,

(b) Re¼ 100.
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Figure 11. Cross-section velocity vectors and dimensionless temperature difference ðT� TinÞ=ðqbDh=kÞ of
a trapezoidal duct (aspect ratio 2:1, base angles 45� and 135�, respectively) for (a) pure forced convection;

(b) and (c) combined flow (Gr� ¼ 1.756105, Rem ¼ �1:0).
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out for the limiting cases with an aspect ratio 2:1, base angles 45� and 135�, re-
spectively. Figure 11 shows cross-section velocity vectors and temperature devel-
opments for pure forced convection and combined flow, while friction factor f Re
and Nusselt number Nu are shown in Figure 12.

For pure forced convection flow and heat transfer, it is found that the absolute
values of the cross-section velocity vectors are very small. By observing Figure 11a,
a slightly smaller temperature gradient is clearly found close to the side wall. In
contrast to pure forced convection, combined flow generates bigger cross-section
velocities. Buoyancy force-generated secondary flow can be clearly observed for both
cases of combined flow (Figures 11b and 11c). It is found that the duct with a shorter
heating wall and bigger base angle (Figure 11c) generates weaker secondary flows
than that with a longer heating wall and smaller base angle (Figure 11b). As men-
tioned above, part of the thermal energy is carried away by the extracted fluid from
the duct. This amount depends on the width of the heating wall. The temperature
gradient of the fluid near the bottom wall is thus larger than that of pure forced flow
(Figures 11b and 11c).

A decrease in f Re and an increase in Nu are found for the case of a small base
angle, while both f Re and Nu are increased for the case of the bigger base angle. It is
clear that aspect ratio, base angle, and width of heating wall have significant effects

Figure 12. Effects of combined flow on friction factors fRe and Nusselt number Nu in a trapezoidal fuel

cell duct.

Table 2. Comparison of f Re and Nu for different base angles

Base angle

( f Re)combination=
( f Re)pure forced

(Nu)combination=
(Nu)pure forced

45 0.92 1.66

90 1.02 1.51

135 1.06 1.23
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on the gas flow and heat transfer in a trapezoidal duct. A comparison of f Re and Nu
between combined flow and pure forced convection for different angles is shown
in Table 2.

It is indicated that the trapezoidal duct with base angle 45� showing decrease in
f Re and more gain in the Nu is the preferred cross section if both the gas flow and
heat transfer are considered, see Table 2. It should be mentioned that it is desirable
to find optimal aspect ratio and base angle for which the heat transfer is large and
the friction factor is small, but this is certainly outside the scope of this article. Such
a study will be possible when additional information (e.g., allowable pressure drop)
is available.

CONCLUSIONS

Numerical simulations of developing laminar flow and heat transfer in a fuel
cell oxidant duct have been presented for combined effects of mass suction
and buoyancy force with various Grashof number Gr�, mass suction rate Rem, and
Reynolds number Re. The present numerical method was applied to a horizontal
rectangular and trapezoidal duct with constant heat flux and mass suction at the
bottom wall, and thermal insulation on the other three impermeable walls. These
boundary conditions are appropriate for fuel cell oxidant ducts.

From the structure of gas flow and temperature fields, the trend that the initial
vortex associated with buoyancy force and appearing in the lower corner close to the
vertical side wall is noticed. Mass suction occurring at the bottom wall has effects
starting from the entrance. With increasing longitudinal distance x�, the resulting
secondary flow by combined buoyancy and mass suction propagates toward the
entire duct and causes disruption of both the hydrodynamic and thermal boundary
layers. Both mass suction rate and Grashof number have significant effects
on the secondary flow strength and number of vortices, velocity, and temperature
development.

It was also found that both the friction factor f and the Nusselt number Nu of
combined flow decay rapidly in the near-entrance region. Onset of gas flow and heat
transfer deviations from pure forced convection is caused by combined effects of the
formation of vortices associated with buoyancy and downward flow with mass
suction. It was verified that the number and strength of vortices and effects on
friction factor and Nusselt number depend mainly on the magnitude of Gr� and Rem.
The mass suction can advance the onset of instability for the combined flow relative
to pure forced-convection flow at all Reynolds numbers in this study. The effect of
combined flow on the friction factor is less significant than on the heat transfer.

In SOFCs, Gr� is of the order of 104–105, depending mainly on the duct con-
figuration, and operation parameters such as the generated heat flux and the fluid
properties. The buoyancy force-generated secondary flow and the combined effects
on the gas flow and heat transfer should be considerated accordingly when the Gr� is
not small (less than 104). This study may be used for SOFC modeling, as a design
tool=adjustment of the flow duct configuration to establish prescribed flow condition
and heat transfer, or establish the flow distribution and heat transfer for a given
configuration.
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