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ABSTRACT 

 

In this work the governing equations for a single, spherical 

water droplet evaporating in quiescent air are derived. The 

governing equations are solved numerically for different 

exemplary conditions. By that the sensitivity of the droplet 

evaporation rate on ambient conditions such as air temperature 

can be analysed. The obtained results are compared to results 

from literature. 

In the second part of this paper a case of an evaporating liquid 

spray is simulated by applying an existing CFD code. The used 

equations and methods are presented. The results of the spray 

simulations are shown. 

 

 

INTRODUCTION 

Evaporation of droplets is a phenomen that one can experience 

in daily life: When it’s raining the rain drops at least evaporate 

partly on their way falling down. That means that liquid on the 

droplet surface changes its phase and mixes with the 

surrounding air. One can easily feel or measure the resulting 

increase in air humidity after the rain. 

Droplet evaporation is also of interest in many industrial 

applications. For example, while in Sweden the outside sitting 

area in many restaurants is heated by outside heaters, in hot 

countries outside areas are often cooled by droplet evaporation, 

see evaporation coolers in Fig.1. 

 

A spray of fine droplets is injected in the surrounding air. When 

the droplets evaporate in the hot air, energy is needed to break 

up the molecular structures, which is called latent heat of 

vaporization. This energy is taken from the surrounding air, 

which means that the air is at the same time cooled down. 

However the main application of droplet evaporation is in 

engines or liquid fuel gas turbines. The fuel is injected  into the 

combustion chamber. Due to aerodynamic interaction with the 

surrounding fluid instabilities develop on the surface of the 

liquid jet, which leads to the disintegration of the liquid core 

and the creation of large irregular liquid structures. These 

structures experience further breakups until a liquid spray is 

formed. At this point the connected liquid mass is relatively 

small, thus, surface tension forces, which tend to give the liquid 

structure a spherical shape, are dominating over inertial forces, 

which tend to deform the structure. 

 

 

 
Figure 1: Evaporation coolers. 

 

 

When the liquid structures are small and spherical they are 

called droplets. When the initial liquid jet disintegrates into 

small droplets the surface to volume ratio increases 

significantly. As evaporation happens on the gas-liquid 

interface, the decrease in size of the droplets enhances 

evaporation. The designer of a combustor usually wishes the 

droplets to evaporate fast and mix with the surrounding air 

which improves the quality of the subsequent combustion in 

terms of efficiency and level of exhaust gases. 

 

http://upload.wikimedia.org/wikipedia/commons/0/03/Mist_spraying-smple_type1.jpg
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Thus it is of great interest to predict the evaporation of droplets 

analytically or numerically. The aim of this paper is to derive 

the governing equations of an evaporating droplet, to perform 

calculations for some exemplary conditions and to compare it 

with results in literature. 

After that the methods are applied to a complete evaporating 

spray. 

 

 

PROBLEM STATEMENT  

Energy conservation 

The rate of change of the droplet mass, which is equivalent to 

the rate of evaporated mass, can be derived by setting up the 

energy conservation equation of a droplet. The change of 

energy of the droplet is the sum of convective heat transfer, Q’, 

and the heat of vaporization and is given as follows: 

 

l

d

d hmQ
dt

dT
mc    

(1) 

 

Td is the droplet temperature, m the droplet mass, cd the specific 

heat of the liquid and hl the latent heat of vaporization. The 

change of energy due to evaporated mass moving away from 

the droplet as well as radiative heat transfer is neglected. 

During evaporation the temperature at the droplet surface is 

constant (which is the saturation temperature), thus the 

convective heat transfer balances the energy needed to change 

the phase. Expressions for these two terms will be derived in 

the following. 

 

Evaporation 

The change of mass at the droplet surface is given by the mass 

conservation equation: 
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Here, ρsw is the mass flux and S the droplet surface. The mass 

flux at the surface of an evaporating droplet can be derived by 

applying the gradient diffusion hypothesis and given by Fick’s 

law as: 
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Dv is the diffusion coefficient, ρA is the density of the liquid and 

n the vector normal to the droplet surface. By introducing the 

mass fraction of the liquid, ωA, Eq. 3 can be rewritten as : 
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The gradient of the mass fraction must be proportional to the 

difference between the surface and the freestream mass fraction 

and inversely proportional to the droplet diameter : 
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ρc is the representative density and can be assumed to be the 

free stream gas density. Combining Eq. (2) and Eq. (4), 

substituting the droplet surface by πd
2
 and introducing the 

Sherwood number, Sh, as a proportional constant leads to the 

final expression for the mass change : 
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The Sherwood number can be expressed by the Ranz-Marshall 

correlation, which takes into account the difference in velocity 

between the droplet, v, and the surrounding gas, u. 

 
33.05.0Re6.02 ScSh   

(7) 

 

Re is here the relative Reynolds number for the droplet : 
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The Schmidt number Sc gives the ratio between the momentum 

and the mass diffusion coefficient. 

 

Convective heat transfer 

The convective heat transfer is given by : 
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(9) 

 

As a proportional constant the Nusselt number, Nu, is 

introduced: 

 
33.05.0 PrRe6.02Nu  

(10) 
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The Reynolds number is defined as above and the Prandtl 

number, Pr, is the ratio of the viscous and thermal diffusion 

rate. 

 

 

 

LITERATURE SURVEY 

 

As stated above, droplet evaporation is of practical interest in 

many industrial applications and therefore there is as well a 

large number of publications describing the problem 

experimentally or numerically. Some publications and their 

major findings are given in the following. 

In [1] the flow of water drops through air, their kinetics and 

their evaporation is investigated. A theoretical discussion is 

provided dealing with the kinetics and evaporation of water 

droplets in still air. By a straightforward adaptation the theory is 

extended to windy conditions. The theory yields that for large 

droplets, d > 300 microns, the so-called evaporation constant, 

K, which is defined as the time derivative of the squared 

droplet diameter, is in fact approximately a constant. In this 

case K is only depending on temperature, relative humidity and 

physical properties of the liquid and the air, but independent of 

the droplet diameter and the time. This finding corresponds to 

the so-called D
2
 –law which is often applied in numerical spray 

simulations. However it was shown that K is not constant for 

smaller droplets and as a result it was considered to be more 

appropriately called evaporation rate instead of evaporation 

constant. K was computed for three cases which are shown in 

Fig. 2. 

 

 

 
Figure 2: Evaporation rate K for drops moving at 

sedimentation velocity through [1] 

 

 

In [2], the evaporation of water droplets in moving air is 

investigated numerically and experimentally. For the 

experimental part, one individual droplet of a size between 15 

and 50 µm was charged and trapped by the AC field of a cubic 

electrodynamic levitation cell. The droplet was exposed to a 

laminar horizontal N2 flow containing a known concentration 

of water vapor. Mie scattering visualization techniques were 

used to obtain the radius of the droplet as a function of time.  

This technique of trapping a single droplet in an electrical field 

is very common in the experimental investigation of droplet 

dynamics. It is used as well to analyse droplet breakup 

mechanisms. Results are shown in Fig. 3. 

 

 

 
Figure 3: Experimental (dotted) and simulated (continuous) 

evaporation curves [2] 

 

 

In [3] a large set of single droplet evaporation experiments has 

been performed. The temperature of the surrounding air was 

varied between 23 ºC and 200 ºC. The velocity of the air was 

varied between 0 m/s, that means only natural convection is 

allowed, and 1 m/s, which results in droplet Reynolds numbers 

between 0 and 100. The derived results are the change in 

droplet diameter over time, the convective heat transfer 

coefficient and the Nusselt number. 

 

It is interesting that, in opposite to papers [1] and [2], the 

droplet diameters were found to decrease linear with time in 

paper [3]. The droplet diameters over time for an air velocity of 

1m/s and for varying temperatures are shown in Fig. 4.  

 

 

 
Figure 4: Droplet evaporation at an air velocity of 1 m/s and 

for varying air temperatures [3] 
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Assuming the variation of the droplet diameter to be linear in 

time, the time derivative of the droplet diameter becomes a 

constant. This constant is given for an air temperature of 50 ºC 

and for varying air velocities in Fig. 5. 

 

 

 
Figure 5: Droplet diameter change for an air temperature of 

50 ºC and varying air velocities. 

 

 

 

PROJECT DESCRIPTION 

 

Single droplet evaporation 

In this work, a simple 1 dimensional evaporation model is 

developed. The simplicity stems from the assumption that the 

droplet temperature is constant during the evaporation process 

and due to neglecting the internal flow in the droplet. Also this 

model shall be limited to evaporation in quiescent air. 

 

The evaporation model is developed from the evaporation 

equation, Eq. (6), which is repeated here: 
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For quiescent air, the droplet Reynolds number becomes zero, 

thus, the Sherwood number (see Eq. (7)) becomes 2 and Eq. (6) 

becomes : 
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(11) 

 

In reality, the mass diffusion coefficient, Dv, is temperature 

dependent. But as we assume here constant temperature 

evaporation, the coefficient is chosen according to the droplet 

temperature at the beginning of the evaporation process. The 

vapor at the droplet surface is considered to be saturated, thus, 

the vapor mass fraction at the droplet surface, ωA,s , corresponds 

to the humidity of the saturated air. Therefore, ωA,s is as well 

temperature dependent, but as well assumed to be constant 

during the evaporation process. The liquid mass fraction in the 

free air steam, ωA,∞ , is constant and only depending on the 

humidity and the air temperature, which are not affected by the 

evaporation. Thus, there is one variable left, the droplet 

diameter, D, which is significantly changing during the 

evaporation and therefore time dependent. This means that Eq. 

(11) is a first order ordinary differential equation, which is 

solved here by using the Newton algorithm. The new droplet 

diameter for the time step tn+1 is hence given by: 
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The first calculated case is for a water droplet of a temperature 

of  20 ºC in surrounding air of 24.8 ºC. The pressure is 

atmospheric, 1 atm. 

 

The absolute humidity for the free stream and the droplet 

surface can be read from the psychrometric chart. For the free 

stream a relative humidity of 50% is assumed which leads to an 

absolute humidity of  wA,∞ = 0.01. For the droplet surface the 

same temperature as the droplet itself is assumed and the state 

of the air is assumed to be saturated, thus, the relative humidity 

is 100%. This leads to an absolute humidity of  wA,s = 0.015. 

The humidities can be transformed to mass fractions by 

applying the following equations: 
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This leads to ωA,s = 0.01477 and ωA,∞ = 0.0099. The diffusion 

coefficient is kept constant at 2.91 * 10
-5 

m
2
/s. The results of 

this calculation are shown in Fig. 6. A droplet that has an initial 

diameter of 3 mm takes 111 minutes until it is completely 

evaporated.  
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Figure 6: Variation of droplet diameter over time. 

 

 

In the beginning, the rate of droplet diameter change is  

2.23*10
-7

 m/s. This very close to the one measured for the same 

conditions in [3], which is 2.1*10
-7

 m/s. 

 

A study for the evaporation of a droplet in different ambient 

temperatures is shown in Fig. 7. 

 

 

 
Figure 7: Evaporation of droplets at different ambient 

temperatures. 

 

 

The case with the red line is at an ambient temperature of 24.8 

ºC and exactly the one described before. For the case with the 

blue line the ambient temperature is 30 ºC. For this case the life 

time of the droplet increases significantly. This is surprising, as 

one knows from daily experience that clothes dry faster when 

the sun is shining. The reason why clothes dry faster is that the 

mass diffusion coefficient increases for an increased 

temperature. This effect is also considered in the above shown 

case.  But here the relative humidity of the air is kept constant 

at 50%. This means that the absolute humidity of the air 

increases for increasing air temperature. The rate of evaporation 

is depending on the difference between the vapor mass fraction 

at the droplet surface and the vapor mass fraction in the 

freestream. As this is increased due to the higher absolute 

humidity, the evaporation slows down. This effect is 

dominating over the effect of the increased mass diffusion 

coefficient. 

The green curve shows an ambient temperature of 40 ºC. In that 

case the vapor mass fraction in the freestream is higher than the 

one at the droplet surface, which even leads to condensation 

and the droplet diameter increases. 

 

 

Simulation of an evaporating spray 

The second major part of this work is the simulation of a 

evaporating liquid spray. That means, compared to the part 

Single droplet evaporation three major points are added: 

 

 The droplets are moving in the surrounding air. Thus 

the Navier-Stokes equations need to be solved to 

determine the characteristics of the airflow and the 

droplet Sherwood number can be obtained from that. 

 The droplets cannot be considered isolated anymore, 

i.e. they interact aerodynamically and in terms of heat 

exchange: If a preceeding droplet evaporates, the 

vapor mass fraction of the air surrounding the 

following droplet increases and is not equal to the 

freesteam vapor mass fraction. 

 A more complex evaporation model is used. In this 

model the droplet temperature during evaporation is 

not considered to be constant. 

 

For the simulation of the evaporating spray, an in-house code is 

applied which is developed in the Division of Fluid Mechanics 

at Lund University. 

 

As time resolved data is wished to obtain, a Large-Eddy 

simulation (LES) of the spray is performed. The gas flow is 

described in Eulerian framework, while the Lagrangian 

description is used to handle the liquid spray. This approach is 

called Lagrangian particle tracking (LPT). An assumption that 

is taken when a LPT is performed is that the droplets are small 

with relatively large inter-droplet distance and not interacting 

with each other, i.e. no collision or history/wake effects. 

Besides evaporation, also secondary breakup of droplets is 

modeled. The LPT assumptions imply that the volume occupied 

by droplets is a lot smaller than the volume of the 

computational cell itself. As here a dilute spray is simulated, 

this assumption might only be violated very close to the 

injection nozzle. However, this work is focused on the spray 

development at least several nozzle diameters downstream, 

thus, the used methods are considered to be appropriate to 

describe the dilute spray in this region. 

The advantage of the LPT method compared to more accurate 

interface tracking methods, as for example the Volumes of 
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Fluids method, is that the description of the liquid phase in 

Lagrangian framework is computationally much more efficient.  

 

The gas phase is described by the continuity, momentum, 

energy and mixture fraction transport equation for Newtonian 

fluids with constant diffusivities, which is given in the 

following equations. The gas density is assumed to be 

independent of the pressure and only dependent on the 

temperature. To neglect density changes due to pressure 

changes is reasonable as long as the flow velocities are much 

smaller than the local Mach number. However, as this work 

focuses on evaporation and on the temperature changes that are 

linked to that, the density changes due to temperature changes 

have to be taken into account. Hence the so-called low Mach 

number assumptions is used instead of the often applied 

incompressibility assumption. 

  

 
(14-17) 

 

In the above conservation equations, ṁS , ḞS,i ,Q´s and ẐS are 

the source terms for mass, momentum, energy (which is 

originated from the latent heat of evaporation) and mixture 

fraction, which account for the coupling from the liquid to the 

gaseous phase. The system of equations is closed by the 

equation of state for incompressible, non-isothermal flows:  

 

RTp 0
 

(18) 

 

 

The governing equations are discretized by finite difference 

schemes. The fifth-order Weighted Essentially Non Oscillatory 

(WENO) scheme is used for the convective terms, a fourth-

order scheme is used for the pressure terms and  the diffusive 

terms and an implicit second-order upwind scheme is used to 

approximate the time derivatives. The system of equations is 

solved by using the Semi-Implicit Method for Pressure Linked 

Equations (SIMPLE) algorithm.  

As turbulence model in this work the so-called 'implicit 

turbulence model' is applied. 

 

 

The liquid phase is described by the stochastic parcel method, 

which is a discrete representation of the continuous droplet 

distribution function. The droplets are gathered in parcels 

which each represent the corresponding number of droplets, f. 

Each parcel is considered as a particle and tracked individually 

in the Lagrangian particle tracking framework. 

 

For the momentum exchange between gas and droplets, only 

aerodynamic forces are taken into account. According to 

Newton's second law of motion, the acceleration of a spherical, 

isolated, rigid droplet is given by: 

 

 
(19) 

 

 

Cd is here the droplet drag coefficient, ρg and ρl are the gas and 

the liquid density and urel is the relative velocity between the 

droplet and the surrounding gas. The drag coefficient is 

depending on the droplet Reynolds number and follows the 

standard drag curve for a smooth sphere which can be found in 

standard fluid mechanics textbooks. 

 

In this work the two breakup regimes that are considered to be 

dominating are taken into account, which are the bag breakup 

and stripping breakup regime. The Wave Breakup model is 

applied as long as the droplets contain more than 95\% of the 

initially injected mass. The model describes both, the stripping 

breakup and the bag breakup regime. If the droplet has less than 

95\% of the injected mass the Taylor Analogy Breakup model 

is applied. The model describes the bag breakup regime and 

uses the analogy between a distorted droplet and a spring-mass 

system. 

 

The droplet evaporation is calculated by applying the above 

given equations. But here the energy equation is solved for the 

temperature and the droplet temperature is not constant during 

the evaporation process. 

 

The computational domain is a cube of the side length of 10.8 

cm. The grid in the region around the injection nozzle, where 

the largest flow gradients are expected, is refined to a cell size 

of 0.6 * 0.6 * 0.6 mm. This leads to 175000 grid cells. The 

injection nozzle has an orifice of 100 microns diameter. 3g/s of 

the liquid fuel n-heptane (C7H16) are injected. The droplet 

density is 30 kg/m
3
, the droplet temperature is 373 K. The 

droplet diameters follow at injection an Rosin-Rammler 

distribution with a Sauter Mean Diameter (SMD) of 20 

microns. The ambient gas temperature is 579 K. The numerical 

timestep is 3.39*10
-7 

seconds. 

 

In Fig. 8 the development of the liquid spray is shown in 

instantaneous snapshots.  It can be seen how the spray is 

dispersed by the turbulent structures in the gaseous phase. The 

gas, which is still in the beginning is accelerated by the injected 

spray. Due to the acceleration vortices are created. These 

vortices interact again with the spray and transport the droplets 
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away from the spray core. It can also be seen that the droplets 

which are dispersed the most are also the smallest droplets, as 

those are the most sensitive to aerodynamic interaction. 

 

 

 
Fig. 8: Snapshots of the development of the liquid spray. 

The red color corresponds to droplets of 60 microns 

diameter. 

 

 

In the following, results for the last simulated timestep, 1200 

which corresponds to a physical time of 0.407 milliseconds, are 

shown for the gaseous phase. Fig 9 shows the axial velocity of 

the gaseous phase. It can be seen how the spray accelerates the 

surrounding gas due to aerodynamic acceleration. 

 

 

 
Figure 9: Axial velocity of the geseous phase. The red colour 

corresponds to 120 m/s. 

 

 

Fig. 10 shows the fuel mass fraction in the gaseous phase. The 

fuel mass increases where droplet evaporation takes place. 

 

 

 
Figure 10: Fuel mass fraction in the gaseous phase. The red 

colour corresponds to 0.25. 

 

 

The adding of fuel vapor to the surrounding gas increases the 

gas density as well, as it can be seen in Fig. 11. 

 

 

 
Figure 11: Gas density. The red colour corresponds to 30, 

the blue color to 15 kg per cubic meter. 

 

 

The next figure shows the gas temperature. It can be clearly 

seen how the gas is cooled down where evaporation happens, as 

the thermal energy of the gas is used to counterbalance the 

latent heat of evaporation. This corresponds to the effect of 

evaporation cooling that was described in the introduction. 
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Figure 12: Gas temperature. The red colour corresponds to 

580 K, the blue colour to 370 K. 

 

 

 

 

SUMMARY AND CONCLUSIONS 

 

In this work a simple one dimensional model, based on the 

droplet energy equation, was developed to predict the 

evaporation of a single droplet in quiescent air. It was shown 

that the droplet evaporation rate decreases for increasing 

ambient temperatures, as long as the relative humidity is kept 

constant. For further increased ambient temperatures 

condensation was shown to occur which leads to an increasing 

droplet diameter. 

An evaporation model, which is included in an existing CFD 

code, was applied to a complex flow situation, a three 

dimensional evaporating spray. The governing equations of the 

flow were solved and the influence of the spray evaporation on 

the gaseous phase was shown: The gas density and the fuel 

mixture fraction increase due to the evaporated fuel mass. At 

the same time gas temperature decreases as it has to 

counterbalance the latent heat of evaporation. 
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